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We present a bidirectional quantum communication system based on optical phase conjugation for
achieving fully autocompensating high-dimensional quantum cryptography. We prove that random
phase shifts and couplings among 2N spatial and polarization optical modes described by SU(2N)
transformations due to perturbations are autocompensated after a single round trip between Alice
and Bob. Bob can use a source of single photons or, alternatively, coherent states and then Alice
attenuates them up to a single photon level, and thus non-perturbated 1-qudit states are generated
for high-dimensional QKD protocols, as the BB84 one, of a higher security.
Introduction.−Quantum cryptography is based on the
properties of quantum mechanics to obtain secure quan-
tum key distribution (QKD) by using different proto-
cols. One of them is the seminal so-called BB84 pro-
tocol in which four states define a set of two mutually
unbiased basis (MUBs). On the other hand, space divi-
sion multiplexing has been proposed to further increase
the data bandwidth in optical fiber communications [1],
and accordingly, high interest has arisen in new optical
fibers such as few-mode fibers and multicore fibers. Like-
wise, optical satellite communications, and in general free
space optical communications, based on spatial modes,
such as those ones carrying orbital angular momentum,
constitutes a promising communications technology [2].
In parallel, the interest in the implementation of quan-
tum cryptography in both these new optical fibers and
in free space has also remarkably increased in the last
few years. The main reason is that by using spatial op-
tical modes a high-dimensional QKD (HD-QKD) can be
implemented, which in turn improves cryptographical se-
curity [3]. Different optical systems have been proposed
to implement QKD cryptography in both optical fibers
and free space; such systems can use different kind of
modes, for instance, polarization modes in monomode op-
tical fibers [4] and free space [5], collinear spatial modes
in few-mode optical fibers [6] and free space [7] and spa-
tial codirectional modes in multicore optical fibers [8].
However, one of the most important drawbacks is that
all guided and free space modes need to keep stable over
long propagation distances along optical fibers or the at-
mosphere. Modes undergo instability because light, in
its propagation in free space or along optical fibers, finds
small spatial perturbations (imperfections) or slow tem-
poral perturbations. This gives rise to random modal
coupling (modal crosstalking) which, together with ran-
dom intermodal phases, causes instability of both modes
and quantum states. To overcome this drawback, spe-
cific (partial) autocompensating techniques have been
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proposed in bidirectional quantum communication sys-
tems. For instance, polarization autocompensating quan-
tum cryptography with 1-qubit states excited in polar-
ization modes [4, 9], or more recently with 1-qudit states
excited in spatial modes acquiring random relative phases
[10, 11]. However, to our knowledge, a fully autocompen-
sating solution has not been proposed.
In this Letter we propose and prove a fully autocompen-
sating quantum cryptography technique based on optical
phase conjugation (OPC) and valid for both free space
optical communication and optical fiber communications
where spatial and polarization modal couplings are not
negligible. In a most formal way, by using OPC we com-
pensate for unwanted effects in 1-qudit states caused by
an arbitrary number q of unpredictable unitary trans-
formations SU(2N), where 2N is the number of spatial
modes with two polarizations. For the sake of exposi-
tional convenience we present a detailed study for multi-
core optical fibers (MCF) which can in turn be formally
applied to both few-mode optical fibers (FMFs) and free
space communications. Input multimode single photon
states can be used, or alternatively, coherent states which
are attenuated in their way back up to a single photon
level (weak coherent states), so that 1-qudit states are
produced. In this case, decoy states [12] have also to be
generated for security purposes, as usual.
secOptical phase conjugator.−Let us consider a four-wave
mixing (FWM) non-linear interaction system as shown
in Fig. 1. In general, an input spatial multimode op-
tical quantum state |L〉 propagating along −z direction
and with frequency ω reaches the FWM system; such
state emerges from an optical fiber (OF). After the OF
a collimating lens (CL) is inserted for collimating the
optical fiber modes ej(x, y), j=1, ..., N . This CL is not
strictly necessary but helps to understand the physical
process. After the collimating lens, a polarizing beam-
splitter (PBS) separates horizontal and vertical polariza-
tion modes (x and y-modes). The linear x-polarization
mode is rotated pi/2 by means of a HWPpi/4 (HWP ro-
tated pi/4). Finally, we have a third order non linear ma-
terial of length l in which it is considered that there are
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â3y(0)
M
PBS
HWP
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FIG. 1. Four-wave mixing system with two pump waves A1y
and A2y and an input state |L〉 emerging from an optical
fiber (OF) along −z. Optical fiber modes are collimated by
a lens (CL) and redirected by mirrors (M). PBS separates
polarizations, and vertical or x-polarization becomes vertical
or y-polarization by using a HWP rotated pi/4. Finally, the
nonlinear medium implements an optical phase conjugation
of the reflected modes aˆ4y.
two strong vertically polarized counter-propagating in-
tense pump modes (strong coherent states) of frequency
ω and amplitudes A1y and A2y. A possible isotropic non
linear material for implementing OPC can be CS2 [14],
which would contribute for vertical polarization with the
term χ
(3)
yyyy of the third order non linear tensor. For the
moment, let us consider that |L〉 is a single mode state
excited in the incident mode 3 coming from an OF and
with an associated optical field operator Eˆ3y ∝ aˆ3y, with
aˆ3y an absorption operator. When |L〉 reaches the non
linear material then a fourth mode (reflected mode 4)
arises, with an associated field operator Eˆ4y ∝ aˆ4y. We
are interested on the quantum states propagating along
z-direction in modes 3 and 4 (idler and signal modes) af-
ter non linear interaction, that is, in spatial propagation
not in temporal evolution (Hamiltonian operator) [13].
Therefore, for spatial nonlinear coupling is convenient
to use the Momentum operator describing the quantum
mode interaction [13–15],
MˆI =
∫
χ(3)yyyyE1yE2yEˆ3yEˆ4y dxdydt, (1)
where the intense pump waves 1 and 2 can be treated
clasically and modes 3 and 4 in a quantum way, that is,
E( 1y2y )
= A( 1y2y )
e∓ikonx e−iωt + c.c., (2)
Eˆ( 3y4y )
=
√
~ω e(
3
4 )
j (x, y) aˆ( 3y4y )
e∓ikonz e−iωt + h.c., (3)
where ej is a jth normalized spatial mode of the OF with
x or y-polarization. As these modes are collimated by the
CL then e
(3)
j ≈ e(4)j . By inserting the above pump waves
and operators into Eq. (1) and performing the temporal
integrations the following operator is found
MˆI = ~χeffA1yA2yaˆ†3yaˆ
†
4y + h.c., (4)
where χeff is an effective non-linear susceptibility which
groups together all physical constants. From this opera-
tor the spatial Heisenberg equations [13] can be obtained,
− i~∂aˆmy
∂z
= [aˆmy, MˆI ], (5)
where m= 3, 4. Let us denote the input operators as
aˆ3y(l)≡ aˆo3 and aˆ4y(0)≡ aˆo4, and the output operators
as aˆ3y(0)≡ aˆ3, associated to the optical mode transmit-
ted along system, and aˆ4y(l)≡ aˆ4, associated to the re-
flected optical mode (see Fig. 1). As mentioned, there
are two pump waves with very large amplitudes A1y and
A2y and initial phases equal to zero, then the non-linear
interaction strength is given by a coupling coefficient
κ=χeff |A1y||A2y|, therefore the coupling is parametri-
cally governed by |A1y||A2y|, that is, the efficiency of the
process is governed by pumping. It is easy to check that
the solutions of the spatial Heisenberg equations obtained
by inserting Eq. (4) into Eq. (5) provide the well-known
operator transformations [14, 16]
aˆ3y(l) ≡ aˆo3 = sec(κl) aˆ3 + i tan(κl) aˆ†4 (6)
aˆ4y(0) ≡ aˆo4 = sec(κl) aˆ4 + i tan(κl) aˆ†3. (7)
Next, let us consider a coherent state |L〉 = |α304〉 ex-
cited in an optical fiber mode. By taking into account
the complex displacement operator and using Eq. (6) the
output state can be rewritten as follows
|L〉 = eαaˆ†o3−α?aˆo3 |00〉 → |Lc〉 = |sα〉 |-itα?〉, (8)
where s=sec(κl) and t=tan(κl). Note that the reflected
coherent state has been conjugated, that is, the FWM
is an OPC; besides, quantum-mechanically the OPC
means that aˆo3∝ aˆ†4. Let us recall, however, that we
are interested in multimode coherent states, that is,
|L〉= |α1...αN 〉 excited in N optical modes, therefore,
the OPC produces the multimode coherent state |Lc〉 =
(|sα1〉 |-itα?1〉) ... (|sαN 〉 |-itα?N 〉). Alternatively, we could
have a single photon source, therefore we can gener-
ate an input 1-qudit state |Lo〉 =
∑
o3j cj |1o3j〉, with,
j= 1, ...N , where the subindex o3j indicates that the N
modes are incident on the OPC. By taking into account
that |1o3j〉 = (aˆ†o3j+ aˆo3j)|0〉, we obtain the output quan-
tum state |L〉 = s∑3j cj |13j〉+ it∑4j cj |14j〉.
secAutocompensation with codirectional modes.−First of
all and for the sake of expositional convenience, we pro-
visionally assume that polarization is maintained un-
der propagation (we will consider spatial and polariza-
tion couplings later, although in atmosphere and spe-
cial optical fibers polarization can be maintained), there-
fore we only consider coupling among N spatial modes
3with the same linear polarization. In particular, let us
consider codirectional modes of a MCF with N modes
(cores) whose propagation constants are βoi, i= 1, ..., N
and with associated absorption operators aˆi. We must
stress that the results that we are going to obtain are
also valid for collinear modes of FMF or a free space op-
tical modes. The quantum state reaching Bob system
from the Alice system will be an unpredictable quantum
state, and as a consequence, modal coupling prevents us
to implement any QKD protocol. Next, we show how
to overcome this drawback by OPC. Let us consider a
perturbation Ps(x, y) that induces modal coupling and
can be considered as z-invariant along a distance s, then
the spatial Heisenberg equation describing modal cou-
pling among N optical field operator modes Eˆi∝ aˆi can
be written as follows [15]
−i~∂aˆi
∂z
= ~{βi
N∑
j=1
δij aˆj+
N∑
j 6=i
κij aˆj} ≡ ~
N∑
j=1
Cij aˆj , (9)
here βi =βoi+κii are the perturbed propagation con-
stants due to (random) modal selfcoupling (κii), and κij
are (random) modal coupling coefficients due to cross
coupling. From a most fundamental point of view, an
arbitrary coupling coefficient of spatial modes i, j is given
by κij =
∫
ei(x, y)Ps(x, y)ej(x, y)dxdy, where e(i,j)(x, y)
are the mode amplitudes. Note that κij =κji and
therefore [Cij ]≡C is a symmetric matrix. Therefore,
by using the algebraic properties of symmetric matri-
ces, the formal matrix solution [Sij ]≡S= exp{iCz}
of differential equation in Eq. (9) is a complex sym-
metric matrix, that is, Sij =Sji. On the other hand,
modal coupling is an unitary transformation, therefore
[Sij ]
−1 = [Sji]? = [Sij ]?. In general, we will have an
arbitrary number q of perturbations, accordingly, the
total effect along z direction from a system B (Bob) to
system A (Alice) can be represented by the total matrix
M =S1 · · ·Sq. Then, if we have an OPC at A, the matrix
M becomes M? =S?1 · · ·S?q . Now, the quantum state is
propagated back to system B, therefore we have to use a
reflected coordinate system which is defined, without loss
of generality, by (−x)y(−z) with respect to the incident
coordinate system xyz. The coupling coefficients κij
are invariant under the transformation x→−x and
consequently the matrices C are also invariant. Once
the light has travelled the path back and forth, the
total coupling matrix is M tM? = I, with super index t
indicating transpose. Then, the unpredictable modal
coupling has been removed. In short, if Bob launches a
state |L〉 undergoing modal coupling along an OF or in
the atmosphere, the state after the OPC and traveling
its way back is |Lc〉 = (|sα1〉 |-itα?1〉) ... (|sαN 〉 |-itα?N 〉),
that is, we recover the initial state except phases pi and
conjugations.
secAutocompensation with spatial and polarization
modes.−As commented, we also have to remove unpre-
dictable polarization modal coupling together with the
above spatial modal coupling. First of all we characterize
the matrix transformation produced by an arbitrary
coupling between linearly polarized spatial modes (e.g.,
LP modes). Since there are 2N modes we consider
the new subindices i, j= {1H, 1V, 2H, 2V, ..., NH,NV },
with H ≡x, V ≡ y. As in the above (scalar) case, the
coupling matrix [Cij ]≡C is also a complex symmetric
matrix. However, when considering back propagation,
this matrix gets modified because, as commented, the
incident coordinate system xyz becomes (−x)y(−z)
under reflection. Indeed, an arbitrary coupling coeffi-
cient of spatial modes m,n with different polarization
is given by κmHnV =
∫
emH(x, y)Pv(x, y)enV (x, y)dxdy,
where Pv(x, y) is an arbitrary perturbation producing
polarization (vector) modal coupling. Obviously, under
reflection (back path) we have enH(x, y)→−enH(x, y),
then κij≡κmHnV →−κmHnV≡−κij . Note that for the
same polarization the coupling coefficient is positive (or
zero) under reflection. Therefore, the coupling matrix
[Bij ]≡B under reflection can be written as follows
B = (IN ⊗ σz)C (IN ⊗ σz) ≡ DCD, (10)
with IN the N -dimensional identity matrix, ⊗ the ten-
sor product and σz the third Pauli matrix. Next, by
taking into account that DD= (IN ⊗σz)(IN ⊗σz) = I2N
(I2N the identity matrix 2Nx2N), it is easy to check
that the transformation matrix produced by the per-
turbation Pv(x, y), that is, the formal matrix solution
[Rij ]≡R= exp{iBz} can be written, by using the Tay-
lor expansion of an exponential function, as follows
R = (IN ⊗ σz)S (IN ⊗ σz) ≡ DSD. (11)
where S=exp{iCz}. Note that matrix R (transforma-
tion of the absorption operators aˆjH , aˆjV ) is also sym-
metric. On the other hand, it is also easy to check that
the HWPpi/4 introduces a phase pi between H-mode and
V -mode of every spatial mode in its way back. Therefore,
after OPC system, when polarization modes are recom-
bined in the PBS (see Fig. 1), the matrix D= IN ⊗ σz is
implemented. Consequently, by considering the general
case of q random couplings, we obtain, after the path
back to Bob, the total matrix
MT = Rq · · ·R1DS?1 · · ·S?q = D, (12)
where we have taken into account the following relation-
ships Rk =DSkD, DD= I2N and SkS
?
k = I2N , k= 1, ...q.
In short, symmetric spatial perturbations together with
polarization perturbations have been removed.
secGeneral SU(2N) autocompensation.−The above re-
sults have made clear autocompensation of symmetric
unitary coupling transformations. Now, we generalize the
above results for non symmetric unitary coupling trans-
formations, for example, rotations due to optical activity
(N=1), 2Nx2N abstract rotations and so on, that is,
SU(2N) perturbations. In order to prove this assertion
we must take into account that all unitary transforma-
tion SU(2N) can be factorized as a ordered product of
SU(2) transformations of subspaces i, j [17, 18]. Thus,
4by proving autocompensation by OPC of an arbitrary
SU(2) transformation the case SU(2N) is also proven. A
general SU(2) transformation S can be represented by
S =
(
cos θ i sin θe−iδ
i sin θeiδ cos θ
)
≡ Z(δ)X(θ)Z(−δ) (13)
with Z(±δ)=diag(1, e±iδ) the matrix of a phase re-
tarder ±δ generated by the the Pauli’s matrix σz,
and X(θ) a matrix whose generator is the Pauli’s
matrix σx, with elements X11(θ)=X22(θ)=cos θ, and
X12(θ)=X21(θ)=i sin θ. By considering that we are in a
polarization two-mode subspace, it is easy to check that
the matrix by reflection is characterized by the changes
δ, θ→−δ,−θ, then T =D2STD2, where D2 =σz. There-
fore, after OPC and by taking into account the action of
the HWPpi/4 (D2) we obtain the following result
TS? = D2S
TD2D2 S
? = D2S
T S? = D2, (14)
and then autocompensation is again achieved. Rigor-
ously, a general SU(2) matrix requires to consider an
additional matrix corresponding to a α-phase retarder,
that is, Z(α)S; however, a retarder is also autocompen-
sated, as proven above. We must also stress that similar
results are found for spatial two-mode subspace. Like-
wise, topological phases due to helical paths, torsions
and so on of an OF can be also autocompensated be-
cause such phases also correspond to unitary transforma-
tions (rotations and so on) [21]. In short, a multimode
coherent state |L〉= |α1Hα1V ...αNHαNV 〉 coming from
Bob, becomes a predictable reflected multimode coher-
ent state |Lc〉= |−itα1H itα1V ...−itαNH itαNV 〉, there-
fore, we have proved that OPC has canceled a number
q of unpredictable perturbations represented by SU(2N)
transformations.
secOptical fiber setup for HD-QKD.−By taking into ac-
count the results obtained we can implement an auto-
compensating optical system for HD-QKD BB84 quan-
tum cryptography in optical fibers. Such a system is
shown in the sketch of Fig. 2. Its optical configuration
is as follows: the first device is a coherent states gen-
erator (CSG) located in Bob system, which emits co-
herent states |L〉= |α1Hα1V ...αNHαNV 〉 to be excited in
2N optical modes of a MCF (or a FMF fiber, or free
space), with α1H = ...=αNV , for generating quantum
states belonging to MUBs. Next, optical fiber delay-
ers (OFD1) produce modal delays τj (j= 1, ..., 2N), that
is, we have a multimode coherent state formed by the
tensor product of delayed single mode coherent states.
These delays will allow to Alice introduce phases in each
spatial mode. Afterwards, a set of optical circulators
SOC launches the state towards Alice system. Besides,
a multiplexing/demultiplexing (mux/demux) device is
also needed if collinear propagation is required as in a
FMF or even in free space. Different spatial multiplex-
ing devices can be implemented according to the kind
of collinear modes [19, 20]. Note that If we use a MCF
then the mux/demux device is not required (codirec-
tional modes). After propagation along the OF each jth
OPC
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FIG. 2. Basic optical fiber setup for autocompensating HD-
QKD by OPC (see text under Optical fiber setup for HD-QKD
for description).
delayed single mode coherent state (excited in each core
of a MCF) becomes a multimode coherent state due to
modal coupling. Such an state reaches the OPC device
described in detail in Fig. 1 and explained above. Note
that now we have placed an electro-optic phase shifter
(EPS) and an electro-optic attenuator (EOA) [10] in off-
position between the OPC and the CL-OF (see Fig. 2).
We must stress that after the OPC the reflected state
has to be coupled again to the OF, however, the OPC
implements by itself this transverse modal coupling to
the OF (analogous to the well-known image restoration
by OPC [14, 16]), although different systems can be used
to optimize this coupling, for example, as in our case, by
means of a CL. Next, the reflected state in the OPC de-
vice goes through the EPS which introduces global phases
θj on the mentioned multimode coherent states, and the
EOA attenuates the state up to single photon level (note
that at Bob system each of these multimodes states will
become again a jth delayed single mode coherent state
due to OPC). The purpose of the EOA is not only to
attenuate but also to increase the security of the sys-
tem, i.e., the attenuation of the EOA can be controlled,
enabling the production of different attenuated pulses:
signal and decoy states against different attacks of an
eavesdropper Eve, as in the photon-number-splitting at-
tack, although we must stress that modal coupling is also
a defense against attacks in line. Therefore, Alice system
generates 1-qudit states which propagate along the OF
up to the Bob system and thus the modal coupling and
relative phases are fully removed. Next, the set of opti-
cal circulators SOC sends the 1-qudit state to the OFD2
device which cancels the delays τj between states |1j〉 of
the 1-qudit. In short, the quantum state generated is
|Lc〉 ≈ −i√
2N
{ N∑
j=1
eiθjH |1jH〉 −
N∑
j=1
eiθjV |1jV 〉
}
. (15)
These states allow to implement pairs of 2N -dimensional
MUBs [3] for QKD. Finally, the state reaches a quantum
projective measurer (QPM). Since both QMP and CSG
are relevant devices it is worth showing a possible physi-
cal implementation of them. A CSG can be easily made
by integrated devices with concatenated directional cou-
plers 2x2, that is, each output of a coupler is connected to
other coupler and so on [3, 10]. Such couplers can be rep-
resented by matrices X(θ) such as the one presented in
5Eq.(13) where θ=κd with κ a linear coupling coefficient
and d the coupling distance. We start from a single-
mode coherent state |Lsm〉= |β〉, and by modal coupling
with concatenated directional couplers X(pi/4) a multi-
mode state |L′sm〉 = |α〉|iα〉|−α〉|iα〉...|−α〉|−iα〉|−α〉|iα〉
is obtained, where α= 2−N/2β. The relative phases
{±pi/2, pi} can easily be cancelled by using the EPS of the
Alice system when the proper phases θ1H , ...θNV are in-
troduced, then |L〉 = |α〉...|α〉. As to the QPM, a passive
integrated quantum projective measurer that randomly
selects bases of dimension N=2m in MCFs has been re-
cenlty proposed by using X(pi/4) and X(pi/2) couplers
and phase shifters Z(δ) [10]. Obviously, if we had used
single photon sources both the attenuation and decoy
states would not be required. Finally, we must indicate
that bidirectional QKD systems are subject to new lat-
eral attacks like the phase-remapping (PR) one. Like-
wise, recent security analysis considering such an attack
have been made [10, 11], and it was shown that PR can
not reduce the QBER bellow the minimum in which a
secret key rate is guaranteed under a cloning attack in a
normal one-way system. Therefore, bidirectionality does
not necessarily make the system more vulnerable.
secFree space optical communications.−As commented,
free space optical communications can be considered as
a problem of 2N collinear modes. As in the case of FMFs,
the generation and measurement of quantum states have
to be made by a mux/demux process. A detailed study
of this case would incorporate mode diffraction, however
in most of cases it can be reduced thanks to the high
directionality of lasers, or it can simply be ignored since
OPC also compensates diffraction (note that a diverging
wave incident on an OPC becomes a converging wave).
secSummary.− We have presented a fully autocompen-
sating technique based on optical phase conjugation for
high-dimensional quantum cryptography in optical fibers
and free space. A single round trip allows to auto-
compensate the undesired modal coupling and random
phase shifts among spatial and polarization modes, and
thus HD-QKD protocols such as the BB84 can be imple-
mented.
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